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Ab-tract

A three-dimensional integral boundary -layer approach is ro,. o cn, sm 01-1..,,
deeloped and coapled with the streamline method for L1a
theoretically determining the vorteX-type flow separation. The -1 d
goerning equations are solved in a streamwise system using a J
power-law profile for the streamwise flow and the Mager pro- 011 .rs0tlo, k mo.ic.lluti, 11.klle"

file for the crossflow. The reduced ordinary system is then / ,
coupled with the streamline equation and integrated using the -
fourth-order Runge-Kutta scheme. Crossflow derivatives are f L -
evaluated and accounted for during the integration. A prolate O, cro,,lfo\, moienitunl tlhclic-,

4"-'" spheroid at incidence in an incompressible turbulent flow is -" .
considered as a test case. Good comparison between the theory Id

%_ ... and the experiment has been observed for the case of
-" = 10 degrees. For the case of high incidence, the method = streamline angle
predicts a qualitative trend but deviates quantitatively due to A = tan/3
the large crossflow involved. viscositv

-- n,- : stream,,ise coordinates
Nomenlatur e =density

Nomenclature T shearing stres

a, b major and minor axes of an ellipsoid Subscript,,
, CE = entrainment coefficient, defined in Eq. (9) = wall

cc = skin friction coefficient 00 = freestream
f = local body radial distance from the centerline 4. r = r direction
H = shape factor. 6 ,1 0

H
h = (H - 1)/2 Introduction
hI, h, = metric coefficients for coordinates 4, n

KI = curvature parameter, I (h1  In three-dimensional flows, the envelope of limiting
h"h, a- streamlines has been used as the separation line. Thus defined,

I 3 h, the determination of the separation line has been found to be
K2  = curvature parameter, h --- very difficult analytically even with the most sophisticated

M = Mach number numerical techniques available. For most flows of practical in-

P = static pressure terest, however, the separation is of the vortex tIpe %%here or-

Re = Reynolds number, QV, a/p tices are created as a result of the convergence of i,,cius

s, n = distance along and normal to a streamline streamlines above the line of separation. The line of separation
* " U = velocity at edge of boundary layer can be properly determined by the envelope of siscou,

U, v streamlines in the boundary layer.I
u, v = velocity components in streamwise coordinatesV . = freestream velocity
x, = body-oriented orthogonal coordinates The problem, therefore, is to determine the realistic
X, 2 = Cartesian coordinatees streamline pattern based on realistic pressure or shear stress,
a, i o = angle of attack either by experimental measurements or by means of viscous-

/' = wall shear angle between external inviscid streamline inviscid interactions. An attempt at using pure inviscid pressure
and corresponding limiting streamline along with a simple friction model has had limited success. 2 A

Y = ratio of specific heats more general theoretical method is yet to be developed. The
6 = boundary layer thickness purpose of this paper is to describe a theoretical procedure for
di  = streamwise displacement thickness determining the vortex-type flow separation using a three-

dimensional integral boundary-layer solution coupled with the
= I -- d4 streamline method.' As opposed to the usual boundary-layer

0  ~ U approach, tis method deals with the convergence of

( 12 = crosswise displacement thickness streamlines rather than with the vanishing of skin friction. A
6 ptolae spheroid at incidence in an incompressible turbulent

.""/v flow is considered as a test case.
= Jo -= d4

= streamwise momentum thickness Calculation of Viscous Streamlines

= (6 ( L ! d4 To simulate the physical flow so that the flosw separation

0  - U)U can be detected, it is necessary to consider the streamlines it
* side the boundary layer. %ec Fig 1. It is assumed that the

envelope of converging viscous streamlines is aho.e, hut cloe
to, that of the converging wall-limiting streamlines. Therelore,

The research was supported by the Naval Air Systems the line of separation can be determined by the enselope of
Command (AIR-310D. AIRTASK WR023-02) and by the converging steamline equations derived earlier:t. 2
Independent Research Program at the David Taylor Naval
Ship R&D Center.

*Research Aerospace Engineer, Aviation and Surface Effects
Department. Associate Fellow AIAA.

This paper is deelred a work of the U.S.
Government and therefore is in the public domain.
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Ds f ) ditnettsiondl. turl enC11t l hO11lhI 5l0 ase iIl . tLIII IA .. ."''I

4% dilittes ale:2
Dx

-- s 0O ( 2) - lon n tl

Ds

DO I ap 1 a TI dfsin l 0 ,, I - '-Ds -- -sill -t cos0 / d6 f - I h1) a4 11 , t !I '
Ds-yNP1P ax f a+ a d) f hIFi .' (3

Where con,,entional symbols hase been used \ith geometric t20 ,) (. h, K (;:
variables illustrated in Fig. 2. For incompressible tiows, the . ... , t
potential flo\ solutioni can be used for the pressure gradients -i)

*P ax and ,P a+ in Eq. (3). The problem, therefore, is to - omentl.
II* pro' ide proper values 'or the shear stress derivative 8 a . 1 0 I 30,. . t

- _ - - K.)
Integral Solution to Three-Dimensional h 84 1- h an , ' Ii ,01

Turbulent Boundary Layers
20,. 0 U T.

A simple analytic model for the shear stress derivative has 0 h, 0 ) 11  0-1
-

hosn some promise.- Ho\ever, in more general cases, where

the flo\s separation is predominently of the ,.ortex type a Cottiity
more rigorous theoretical form is in order. While it i, not

straightfor\%ard to derie a universal theoretical friction model. I 3(6-61) 1 ad. [ . t t
it is possible, in most cases, to provide the required friction - ... . - - W
salues numerically, In so doing, the use of the integral method hh i h, 8r3 N - b 34
seems to be appropriate because of its compactness and com-
patibility sith the stream line approach. The (longitudinal) in- - N 6a - (h

tegration can be performed along a streamline. U h., a,

To close the system, streamssise and crostilo. selocit\ pro-
files, auxilliary relations for the skin friction, and flos entrain-
ment are needed. The streamwise selocity profile is assumed to P

OUTER INVISCID be the posser-law form for t\wo-ditnensional floss; that is,OU STERAMLNE uI=

- Udu STREAMLINE

" '.; . INSIDE BOUNDARY or

C- C' LAYER (,-- d LIMITING:-; ,- TREAMIN
- -L STREAMLINE where z = 46, h = (H - 1)/2, and H is the shape factor. The

h. 2dn hid4j' 4 crossflo\ velocity profile takes the form suggested by Mager. 4

*"-" . \ BODY SURFACE
U -_ U I - -L)tan/3.

or
Fig. - Streamlines in a boundary layer

- z), A(8)

%%here . = tan/3. The boundary-layer solution procedure in the
present work is similar to that of Smith,5 but differs in se\eral
aspects \hich will appear later.

' -" -The entrainment coefficient C is given as a function of

1\ b the shape factor H by Green, 6 
%iAh the constant term being

:P. , modified fron 0.022 to 0.032:

C = 0.025H - 0.032 (9)

V_ 'The skin friction coefficient is related to the shape factor H
and the Reynolds number based on the streams\ise momentum
thickness Re. IFig. 2 - Coordinate sstems

+ 0.5) (I _ 0.4) =0.9 (10)

'C'h

V 0 ""-

%4
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where Ct and H o are functions of Re " DA5
IIN0.01013

Cf .n Reel] - 1.02 -. 075 here 1) I) - (1 t1 ) 0 J4, antd ,, (i, and ( contail:

I (a) geometric properties ald outer edge (lo. piopeitics
I - 6.55 V' 0 5C fto (b) ariablcs H, 011. A, eic. and

and the Rea and Cf are defined: (c crossflw derisativcs of H , aild
(c) crsfodrai so , 011 ad.

Q UOl The detailed expressions for Cjl',. and G3 ar. prccntcd t

Reel 1A /athe Appendix.

__T, With the viscous solution in hand, the crossflom, shear
IQ 1u-- ,  derivative required by Eq. (3) is obtained by differentiating
2Q Eq. (8) with the aid of the following relationships:

The expressions for the curvature parameters K l and K,
are derived in terms of quantities along a streamline. For I, 0v
the geometric relationship between two surface coordinate 'T
systems (x, ) and (4. )) is used:

U E.A] (16)
a+ h hcos -2( z)5 + ( ) - z)(16)

a4 f 'f8 f

and
Taking cross differentiation and letting

a2+ a2+ aT7 a(

result in r [62  7 ( 1 -zt (I - Z)(4 - -z ac r,

K - Ih 1I + (I -z) 2  2(
h~Z2 2 82 J (17)

I (1 8h 2  1 80 1 8f
hlh 2 co4 h2 a7 n1 a4 To eliminate the unknown eddy viscosity t and its

derivative 3t/3z, the E value is correlated with the streamwise

I 86 I 8f shear stress such that

a fh 2  a7 T4 au U E aa1I a - - ()

. -x sin0 + T - cos0 (11)
yM2 p a x if a+ /and

7.
where the sum of the three terms in parentheses is zero,7 and a T4 aE u a 2u
the inviscid form of Eq. (3) has been used. - = - - -

To find K2 , the continuity equation is written for the exter- .80 8(19)
nal flow in both the x, + coordinate system and the 4. P7 system. U/ I 09£
By equating, there results 

2 z2

I 8h 2  It is further assumed that the streamwise shear stress varies
K2 - 2 linearly across the boundary layer:

T4h 844 ) Q2Cr IZI (8P I 8P I" I z z),0

-M P cos0 + I -- sine (12) 20= ) -- U Cf,(1 ")2• yM2p • OX a

Numerical Integration which yields

Equations (4) through (6), with the aid of Eqs. (7) through I _a. Cf4 (21)
(12), allow solutions for three basic unknowns: the shape yM-2 p a = 2d
factor H, the streamwise displacement 9tP and the tangent of
the angle between the external inviscid streamline and the cor- With the aid of relations (18) through (21), along with
responding limiting streamline A. These equations are recast in- basic profiles (7) and (8), one obtains
to the form of streamwise derivatives:

I T C4A(]- z z I - z x
DH G 13 TM2 pt - h 2)
D -(13) (22) .'r _ (I - )I z
De -G (14) 1 - Z 2(I-z)~Ds 2,

3

-*, W). ' * . ( ** **.
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where i is set to dI d for actual calculations. The choice, - __

although arbitrary, is considered to be the most appropriate in
capturing the oserall property of the boundary layer. 1.6 ,

Equations (4) through (6) are coupled %%ith Eqs. (1) 1.5
through (3) and integrated simultaneously along a streamline. 70 7
The fourth-order Runge-Kutta scheme is used itt the numerical .0>
integration. To account for the crossflow derivatives, the in- 1.4
tegration is performed along at least two adjacent streamlines --

simultaneously. The differences in the resulting variables are 1.3 - .. S
then evaluated as the crossflow derivatives and immediately fed
into the source terms of Eqs. (4) through (6); see Appendix. 1.2 1
This whole procedure has been coded in BASIC language using 0 0.2 0.4 0.6 0.8 1.0
an H-P 9836 desk-top computer. Calculated flow patterns are sl2a
instantly displayed graphically to facilitate locating the
streamline convergence. Fie. 3 - Streamwise boundary layer shape factor ot

Results and Discussion flow oer a prolate spheroid at a I0 deg and V_ . 45 m

Numerical results are calculated for a prolate spheroid (a/b
= 5.91) at V. = 45 m/s (147.6 ft/s) and a = 10 and 20 deg. 5
The flow is largely turbulent. In the calculation, the flow is
tripped to turbulent at s/a = 0.1, where the initial conditions ,.1
H 1.35, Oil = 0.0005, and A = 0 are applied. Results of 4- 7.

the streamwise shape factor H and the momentum thickness i /.

011 along streamlines of Y) = 1, 3, 10, and 70 for the case of 3V-.1
a = 10 deg are shown in Figs. 3 and 4, respectively. The e
values rise significantly in all four streamlines as they proceed -downstream. Nevertheless, the dowvnstream flow exhibits 2
reasonable stability as indicated by declining H values in that

region. 1

Figures 5 and 6 show the calculated results of the stream- of I I

wise skin friction coefficient Cf4 and the direction of the wall 0 0.2 0.4 0.6 0.8 1.0
shear stress A, along the above streamlines. Comparison of the sl2a
present C,-, values with those obtained by a finite difference
scheme8 afid by experiment 9 is made. Agreement is within the Fig. 4 - Streamwise momentum thickness of flow over a
range of the data scattering; see Fig. 5. The crossflow prolate spheroid at a = 10 deg and V_ x 45 m's
characteristics are represented by the value A (A = tan p). 4
Generally, A takes on a positive value in the upstream
region and turns negative downstream; see Fig. 6. This in-
dicates that the effect of viscosity makes the streamline steeper __-__ -- -----

in the upstream region and flatter downstream compared with [ a FINITE DIFFERENCE 8

the external inviscid streamlines based on the potential flow6'. EXPERIMENT9
theory; see Fig. 7. The trend is consistent with previous 0
findings.10' 1 The deflection of streamlines in the leeside that 17

causes vortex-type separation is clearly portrayed. " c

Lr 70 0 ,

Contrary to intuition, the deviation of viscous streamlines 2 - S7- -7 - -_;
from the inviscid pattern does not stem from the shear stress -. .
derivative in Eq. (3), but rather is attributed to the deficiency 0L .
of the velocity inside the boundary layer. In Fig. 8, the 0 0.2 0.4 0.6 0.8 1.0
crossflow velocity profiles and the resulting shear stress sI2a
derivatives are plotted at five locations along the streamline nl
= 3. At z =d/d, where the layer is set for the present corn- Fig. 5 - Streamwise skin friction coefficients of flow over
putation, the numerical values for aT,/az/yM

2P from Eq. a prolate spheroid at a = 10 deg and V_ 45 m/s
(22) are negative in the upstream region (Points A, B, and C in
Fig. 8) then change to positive downstream (Points D and E).
In fact, these friction values provide resistance to the change
of the streamline direction from its external pattern. 0...

The change in the sign of the wall shear angle from 0-

positive to negative implies that a zero crossflow skin friction C
line exists, since _= AC. The calculated crossflow skin 0.2
friction coefficients along tkese lines are presented in Fig. 9. -

Based on the framework of the present theory, this zero -0.4-
crossflow skin friction line (portrayed in Fig. 10) is apparently
not a line of separation. This is in agreement with experimental -0.60 0.2 0.4 0.6 0.8 1.0
observation. 12 0 0. 04 06 0. 10

s2a

Fig. 6 - Direction of wall shear stress of flow over
a prolate spheroid at a 10 deg and V. 45 m/s

4
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The calculated oserall llo%% pattern is hoan int I. IQ. .oijttc c.~i
SThre tloN separationt is detected near the real stagntiton legion.
* ~~~The result is compared %kii th iat obt ainted b the hlimitjAlrcdcsoa tiga 'uia Le tp!.I

* streamrline pattern based on the measured a all shlear stresses. L10eloped dand cOuLeId %%i nIli ifes eanihnite miethio 1 ot
- ~~~Agreemtentt is %e r% good. At thle li ne of' separat ion, %Itic I Sd* iii t1'0 I -5p lasp i
* ~result, front the tlt mation of' t ite erts elope of %i scotis deflectiton o t lees ide tirca itili ne t ha ca iises th \ort\ 51Pc

* steam i ne. th st eaml tie fron t te and sde v eldIisepiaration is totind to he attribUted ito thle deficietic% ot %c.loci -
strearms %\ aall fr ictiont '.al nes than thIose ftom tilte leeside t1\ inside the hon d a rs lax er. H ie calcurilated Iico itcal r esuitp
This itmplies that thle a ittdsidc streatnlitteN possess miore etiergv c npr e\\el\-l fe ~eietldt o h ac
arid, therefore, \%ill roll us er those from thle leeside. A sitmilar ctteuprae s'lissell aitta the eg.rIttt dat tothe nlie of' it,

* ~~~onclusiont a as reached fromt tlte attalssis based onl thle dif- thIe approach yields qttalita is e agi eemntt. I hie iet o 00i1stls
- ~~ference in elocitv comtpotierits at the edge of' the bouttdarvi\ rc inlt
% aver normtal to the separationt lite. it ,btitstotaleoteprtt.

[he result of the tlo%% pattern at a 20 deg is sho%%nt itt Reteiesx
Fig. 11I. The linte of separat iott etterges fur ter itt tilie upsi reCa i
creating a larger separated region in thie leeside of' the f'lo" . 1 . 1a i, I ., D eterti nat ioit of I it tre-I imcti tl total I Ilo%

* ~~Althltough a direct comrpar isotn bet aec cale ilat ed and SepMaatOtt by a St reauliIC t \ lIt od,-< A.-i 1 i hturntal. \ I . I ).

experimental results caintot be made because ofI a lack of' No. 10, Oct 1981. 11p. 1264-1271.
*published data for tfil, particular atngle of' attack, the presett

resulIt does f'a I in bet aeeiti the rteasu rentet of thle a 101- to 2. Fai, . C., 'Effect otf' (ross lion ott tihe \ o ite I - a\ ci I ' pe
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Errata: An Integral Prediction Method for

Three-Dimensional Flow Separation

Tsze C. Tai

David Taylor Naval Ship Research and Development Center

Bethesda, Maryland

- [AIAA Paper No. 84-0014]

Equation (12) on page 3 of the paper should read:

• 1 h2

K = h1h2  a

1 p o 0 + ' sin 0 + 1 U[\a 
+
1 f -v f

M2P p cox f aj U ~~ ax f 9) +fdx

Equations for B1 and Q22 in the Appendix of the paper should read:

BI = - (2E2 1 - E2 ) KI + a--L )

+ (1-E2 2 ) K2 1

aE2 2  2E22
Q22 ax
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